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ABSTRACT

Since the available laser is not such to probe the bare nucleus because the wavelength
of available laser is much larger than the size of nucleus. As we shine laser on hydrogen atom or
hydrogen-like ions, electron starts oscillating near the nucleus. Due to the oscillations of electron

the nucleus experiences periodic electric field which is actually the source of AC Nuclear Stark
effect. We will calculate analytically the Stark shift in the energy levels of Hydrogen atom nucleus

under the action of super-intense laser.
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Chapter 1

Introduction |

ALLAH gifted moral sense to human being which is the ever best thing that we are blessed.
Other than human being all the other creature are deprived of such beautiful property. The world
in which we are living is full of ambiguous and when man observes these things near it, his
curiosity urges him to explore the nature. So he started to think over the nature from his birth and
his research takes him to the discovery of so many things. And these inventions have improved
our living standard very much. This is what the greatest ALLAH wants us to do that explore the
nature and work for the benefit of human being. Research work in science is also an attempt to

serve the humanity in benefitting manner.

To meet the energy crises over the whole world one must need to study the matter very deeply.
There are so many scientists in the world which are working on different substances to produce
energy from them. Study of atom mean the study of its properties and this work also a kind of
study of the properties of H-atom. Hydrogen atom is one of the simplest element among all the
elements which have been discovered yet in the nature. The branch of physics which deals with
the study of atom and its constituents is Atomic and Nuclear physics in which we use Quantum
Mechanics as a basic tool. Using Quantum Mechanics we can discuss the motion of tiny particles
like electron, proton and neutron and also their interactions with the energy. One can think of
light-atom interaction, when an atom is placed in external energy source say light, its energy will
definitely be changed. According to Bohr model, for any bound state of an atom there exists
definite energy levels and these levels will be shifted by little amount when the system is placed
in external electric or magnetic field. For example if we place H-atom in a laser field, the energy
shift in atomic energy level is observed this effect is known as Stark effect. As ground state
nucleus of an atom is also a bound state so it also possesses definite energy levels. This idea is

based on experimental facts and on different nuclear models. So we will see that there is also an
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energy shift in the levels of nucleus with the help of laser. This phenomenon is termed as

Nuclear Stark effect by an intense laser field.

When we shine intense laser on hydrogen atom, its electron starts oscillating near the nucleus in
the electric field of laser with a particular frequency w,. The electron oscillations can completely

be controlled by the laser parameters that is frequency w and the strength E.

When an electron oscillates under laser, nucleus feels the periodic electric field provided by the
electron due to its oscillating motion. As nucleus experiences such sinusoidal field its energy

levels split up.

In this thesis Chapter 2 consists of discussion on all possible effects when a laser interacts with
the atom. In laser atom interaction, multiple phenomena other than Stark effect are completely

described in this chapter.

In chapter 3 linear and quadratic Stark effects at atomic level are discussed, also we develop a
complete mathematical formulism for AC Stark effect which may help us to study the Nuclear

Stark effect.

In Chapter 4 we discuss about nucleus especially its energy levels. There are different nuclear
models which confirms that nucleus has specific energy levels. This idea is also supported by the

experimental facts.

In Chapter 5 we thoroughly develop a formula which will be helpful for us to calculate of energy
shift in H-atom nucleus when it interacts with the laser of different strength and different

frequency.
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Chapter 2

Laser Atom Interaction

Laser is a electromagnetic radiation which is very important thing to investigate the dynamics of
tiny particles. When we fall laser upon an atom, its energy makes significant change in the
properties of that atom such that shift in the atomic levels, various phenomena may occur which

are given below in succession.

2.1 Atomic Excitation

By excitation we mean that when we supply a specific amount of energy to a system, as a result
electron in atom captivates that quantity of energy and jumps from lower energy level to higher
energy level, we can say that atom has got excited. In laser atom interaction, we add energy to
the system by laser source. Laser photons are monochromatic and coherent, when they are
incident on an atom then its electron jumps to one of the higher energy states by absorbing laser
photons, this process is called atomic excitation. The particular extent of energy required to

excite an electron is known as excitation energy.

As we see there exists finite probability of excitation of hydrogen atom when we shine intense
attosecond laser on it [1]. Figure 2.1 shows atomic excitation, electron leaves its ground state by

absorbing multiple photons from laser to excite the atom.
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Continuum States

Ea
Excited

states
Ez2

<] E1(Ground State)

@ Nucleus

Figure 2.1: Excitation of an atom by laser

There are two conditions for atomic excitation with laser;

1. Energy of the photons taking part in excitation must be less than the ionization energy of the
system.

2. AE = nhw, where “nhw” is the energy of the laser carrier photons. And “AE” is the energy

difference between ground state and one of the excited states of the system.

Below than ionization energy, if AE # nhw the electron will not captivate laser energy and atom

will not be get excited. Once an atom is excited, it de-excites to its initial state along with the
emission of photons.

2.2 Multiphoton Ionization (MPI)

The process in which an atom gets charged either by gaining or losing electrons to make
respective ions is termed as ionization. To add or remove electron from atom or molecule, in
both cases we need specific amount of energy. The minimum amount of energy needed to add or
remove an electron from its outermost shell is known as ionization energy.

Multiphoton ionization will occur if nhw > Ip, where nhw is the net energy absorbed by

electron and I is the ionization energy.
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Initially it was believed that the photon of energy less than the ionization energy of targeted
atom cannot release the electron from its bound state. Few years later after the invention of laser,
it was observed that the phenomenon such as ionization can be occurred in the presence of large
number of coherent and monochromatic photons. No doubt it contradicts the Einstein
explanation of photoelectric effect but at that time there was no concept of laser.
How many photons the system will absorbs from incident laser? It totally depends upon intensity
of the laser field, more the intensity more will be the absorption and hence greater the
probability of ionization. In other words we can say that probability to capture number of
photons totally depends upon the number of photons per unit time incident on the system. Upon
the absorption of greater number of photons causes to decrease the ionizing time of the system.
As the system absorbs photon its life time is given by the Heisenberg uncertainty principle.
AE.At > h (2.1)
Where AE is the uncertainty in energy after the absorption of photons, actually in between the
initial and final states, there are infinite number of virtual states which exist for very short time

At within oscillating field of laser.

By successive absorption of photons, going through virtual states electron leaves its bound state

hence system gets ionized. Schematic diagram of multiphoton ionization is shown in figure 2.2.

@ Electron

? hv lonization
potential
hv
=
B
b hv
(e ]
é h‘V
~. Ground
pus state
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Figure 2.2: Multiphoton Ionization

We can calculate the kinetic energy of the electron separates the system by following formula.
K.E =nhw — 1, (2.2)

where I, is the ionization energy of the system and n is the number of absorbed photons.

Multiphoton ionization in Xe has been observed firstly in 1987 with 100-fs laser pulses of
intensity 1.7x10'* Wem™ by the absorption of seven photons [2].

We observe multiphoton ionization in metals mostly, where electron absorbs multiple photons to
make the system ionized. If / is the intensity of laser and o, is the cross sectional area with the

absorption of n number of photons, then ionization rate can be calculated by following formula:

r, =10, (2.3)

2.3 Above Threshold Ionization (ATT)

A very similar phenomenon like multiphoton ionization is the Above Threshold Ionization in
which electron absorbs few more photons than the number of photons essential for MPI. The

total energy absorbed by an electron from laser can be written as

E=Mn+k)hw (2.4)
Where n is the number of photons required for ionization and k is the additional number of
photons which are the source of kinetic energy of the ionized electron. Here the energy of
single photon is less than energy required for ionization so it is again a multiphoton

process. Diagram 2.3 shows such process.

ATI process has been observed in Xe in 1987 with laser pulses having wavelength 616 nm [3].

6|Page



Laser Atom Interaction 35

threshold level

ava _

by

Threshold level

Z

Z

Energy
Vo aWe aWa 1 W
7

c(.

Ground statc

Figure 2.3: Above Threshold Ionization

We can increase or decrease the energy of electron by laser parameters as shown by

following formula.

2e2€2(t) (2.5)
E=———
mw

So electron will absorb greater number of photons by increasing the intensity and

decreasing the frequency of incident laser field.

2.4 Tunneling Ionization (TT)

Tunneling lonization is very important quantum mechanical phenomenon which can be observed
in laser atom interaction. In such situation electron does not gain sufficient energy to compete the
Coulomb barrier. Under the action of sinusoidal electric field of laser, the wings of Coulomb
potential are suppressed so there is finite probability of electron to tunnel through the potential

barrier as shown in figure 2.4.
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The phenomenon of high harmonic generation (HHG) is carried out through tunneling
ionization. As potential barrier is distorted with the help of laser so width decreases and height of

the barrier increases which increases the tunneling probability.

The tunneling probability is decided by the quantity known as Keldysh parameter [4], which is

given by

_I (2.6)
4 t

where t is the time required for tunneling and t is the laser time. For y<lI, which we mean

tunneling time is less than laser time i.e. electron gets enough time to tunnel in the presence of

laser, hence tunneling dominates. For y>1, ATI dominates where laser does not provide enough

time to tunnel out. Keldysh parameter can also be defined as

_ g (2.7
14 (zup)

Co . e2e2(t)
where I is ionization potential and U, = "

— the ponderomotive energy of electron, which is

defined as the average energy gained by electron in laser field. Keldysh showed that TT and MPI
are the limiting cases of ionization [5]. Tunneling ionization in noble gasses has been studied in

1989 with the help of 1-um, 1-ps laser pulses of intensity 10'® W/cm? [6].

Atomic potential deformed
A by the laser field

Electron

Energy

Distance
from nucleus

|

O==

Figure 2.4: Tunneling Ionization
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2.5 Over the Barrier Ionization (OBI)

As we have learnt already the Coulomb potential barrier can be distorted by the laser, so we may
sufficiently increase the laser intensity so that height of the barrier faced by the electron becomes
zero and then electron can easily escape walking over the barrier, this process is termed as over
the barrier ionization. Schematic diagram for OBI is shown in figure 2.5. In such process all of
the laser energy is utilized to distort the potential barrier so electron feels free to leave the

system.

Atomic potential deformed
A by the laser field

Electron
Sie—ee—— @
: /\ 3
0

Figure 2.5: Over the barrier lonization

Energy

2.6 High Harmonic Generation (HHG)

In HHG, photons of high energy are produced when an atom is exposed to laser beam, the
harmonics obtained are the integral number of original harmonics. This process is similar to TI
but here electron is bound to recombine with its parent nucleus after tunneling ionization. The
idea of HHG was given by Franken et al. in 1961 for the first time with the help of ruby laser [7].
For this process laser of intensity 10* W/cm? or more is required [8]. The harmonics of higher
order had been observed by the interaction of CO; laser with plasma obtained from solid [9].

Now a days HHG has wide range of applications such as it can be used to generate the train of
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attosecond pulses [10]. HHG process can easily be explained by Three-Step Model which is

given below.

Ionization
The first step is ionization in which electron leaves its bound state through tunneling under the

action of laser beam.

Acceleration

Electron reaches in continuum state where it accelerates freely and gains energy from incident

laser field.

Recombination
When laser changes its cycle, electron is attracted by nucleus as well as pushed by laser field, as
a result high energy photon is released upon recombination of electron with its parent ion.

Three-step model is shown in figure 2.6

Laser Field

Recombination

iy, |
xu%g

Elektron

(3)

Figure 2.6: Three-step model

10|Page



Atomic Stark Effect

Chapter 3

Atomic Stark Effect

We should have idea about perturbation theory when we are going to study the interactions.
Perturbation theory is a mathematical formulism that provide us approximate solutions when a
system is subjected to perturbation. There are two kinds of perturbation theory described below

in detail:

3.1 Non-degenerate Perturbation Theory

3.1.1 General Formulism

Upon solving the time-independent Schrodinger equation for 1-D infinite square well potential,
we get a set of eigenfunctions ¥,2 (which are orthonormal to each other) corresponding to

eigenvalues ES.

HO‘PnO = E,‘f‘lfno (3.1
Where

(anollPTg) = Omn (3.2)
Subscript 0 showing the unperturbed quantities. Now let us perturb the system by a small amount

H'and try to find the new eigenfunctions and corresponding eigenvalues

HY, = E,¥, (3.3)
Now it becomes difficult to solve the Schrodinger equation for new complicated potential. So we
will use Perturbation theory to approximate the solutions knowing the exact solutions for

unperturbed system
The new Hamiltonian is
H=H°+2H (3.4)
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Now we expand E,and ¥, in power series

Y, =W + AW + 12¢2 + ... (3.5)
E, = EQ + AEL + 22E2 4 ... (3.6)

Where A is very small number, it can have value between 0 and 1. Using these values in Eq. (3.3)
(HO + AH)[W0 + AW + 222 + -] = (EQ + AEX + A2E2 + -+ )[EQ + AEL + A2E2 + -]

HOWO + A(HOWL + HP?) + 22(HOW2 + HWE) + -
= EQ¥2 + A(EPWY + EXWO) + A2(ERW? + EXPL + E299) + -

Comparing Coefficient of 1°, 1, A2 on both side we have

HOW? = EQw? (3.7)
HO®! + HYO = EQW! + EXp? (3.8)
HOW? + HWy = EQWZ + Ex¥ + EZWY (3.9)

3.1.2 First-Order Perturbation Theory

Using above relations we now calculate first-order correction to the energy. Taking inner product

the Eq. (3.8) with ¥ and integrating it we have
(PPIHOE) + (P2 |H 7) = E(WP W) + Ex(W0 |W0)
As H? is Hermitian
(WP IHOW) = (HOWR W) = EQ (W2 |¥a)
Therefore
EQ(W 1) + (B0 [H'WY) = EQ(P2 1) + Eg(W 1%0)
EX (WD) = (W0 [H'WY)
As (PO |wo) = 1
E} = (W2 |H'W®?) (3.10)
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This is the first order energy correction in the nth state of the system

3.1.3 Second-Order Perturbation Theory

Again taking inner product Eq. (3.9) with ¥ and integrating we have
(PR IHOWE) + (W7 |H ¥R) = EZ(WD 190 + Ex(W7 1¥a) + ER(¥D 197)
As H° is Hermitian
(PRIHOW?) = (HOWD|¥7) = EQ (PR |¥i)

Also (#2|1¥2) =1

Therefore
EQ(W21W2) + (W2 |H'W) = EJ (W2 |W2) + Ex(W0 W) + E}

(B2 |H'W) = Ex(W2 |9 + EZ
Or

Ef = (W0 [H'W) — E(W2 W)
Now

W) = D COw 9 = 0
h

So

. . PIIHPON WO |H' P2
B = (wglirn) = 3 g ling) = S LRI E )
n m

m+n m+n

Finally
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which is the second order correction of energy in the nth state of atom

3.2 Degenerate Perturbation Theory

Suppose we have two orthonormal states ¥, W having same energy in the absence of external

perturbation that is

HOWP = EOwo (3.12)
HO({/}? — EO({/}? (3.13)

where
(wolwp)y=0 (3.14)

The linear combination of these two states

Yo = q? + pyyP (3.15)

which is also the eigenstate of HY having same eigenvalue E©, therefore
HO(IUO — EO(}]O

Now let’s apply external perturbation H which splits the unperturbed energy E° as shown in

figure and solve the new Schrodinger Equation

HY = E¥ (3.16)
Where
H=H°+AH (3.17)
Y =wo 4 Pt 4 2292 ... (3.18)
E=E°+ AE* + A?E?% + - (3.19)

Equation (3.16) becomes

(HO + AH)[WO + AW + 229W2 + .1 = (EO + AEY + A2E% + ) [P0 + AP + 2292 + ]
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HOWO + A(HO®Y + HYO) + 22(HOW? + HYP!) + -
= EOWO + A(E°W' + E'WO) + A*(E°W? + E"W! + E*¥O) + -

Comparing Coefficient of 4 on both sides we obtain
HOW' + WO = EOw?t 4 Flyo
Taking inner product with ¥2
(WOIHOWY) + (P2 |H'WO) = EO(W2 W) + EX¥I|P0)
But H? is Hermitian so
(P2 IHOW ) = (HOWR W) = EC(P2|¥Y)
Therefore
EOW2 1wty + (P2 |HWO) = EO(W2 ¥ty + EXW2|P0)
(WO|HWO) = ELw2|wO)
Using equation (3.16) we get
(P2 |H (a9 + B¥5)) = EX¥Z|a¥? + B¥7)
a(P2|HW) + (W2 |HWY) = a EWW2|¥2) + BEX (WL |¥P)
But
(w2 w5) =0
(PR1P2) =1
Therefore
a(P2|H'¥?) + p(W2|HWY) = aE?

In more compact form we can write this as
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aW,, + Wy, = aE? (3.20)
Where

Woa = (P2 |HWP?)
W = (P2|H'WP?)
Similarly inner product with 2 gives

aWba + BWbb = ,BEl (321)

3.3 DC Stark Effect

When atoms or molecules are placed in external uniform electric field, their spectral lines split
up this effect is observed by Johannes Stark in 1913 [11], which is known as Stark effect and the
amount of splitting is termed as Stark shift. The amount of splitting is directly proportional to the
applied field. This effect had also been observed by Antonino Lo Surdo individually in the same
year thus sometimes it is also called Stark-Lo Surdo effect. Stark effect is analogous to Zeeman
effect where energy levels split up into various sub-levels in the presence of magnetic field. Stark
effect can be explained completely with the help of quantum mechanics. Here we discuss two

kind of Stark effects i.e. first-order which is linear and the second-order which is quadratic.

3.3.1 Linear Stark Effect

We can illustrate this effect by an example of hydrogen atom, where the Balmer line splits into
three components when it is placed in uniform electric field of 10° V/cm. We use first order

degenerate perturbation theory and quantum numbers to explain linear Stark effect.
For the first excited state of H-atom we have

Forn=2
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So in the absence of electric field, there are four degenerate states
200>, 210>, 211>, |21-1>

The original Hamiltonian is

_Pr el (3.22)

° 2m r

Now we apply electric field “E” along z-axis, the perturbed Hamiltonian due to the interaction of
electron dipole moment “d” with external electric field E = E2 is
H' =—d.E
= —eZ.E
= —ezEC0s180°
= ezE
= eErCos0
H' = eErCosf (3.23)
Total Hamiltonian can be written as
H=H,+H (3.24)
As E > 10° V/cm, so we may neglect spin and all other small effects like Lamb shift, relativistic
corrections and hyperfine effects in this Hamiltonian.
To calculate change in energy E’ due to interaction Hamiltonian H' we solve an eigenvalue
equation [12].
AW >=E\¥ >
(H' —IEY|¥ >=0 (3.25)

For non-trivial solution we write above equation in determinant form as
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<200[H[200>-E'  <200[H]211> <200[H210> < 200[H21-1>
<QUHP00> <2011HPRIL>-FE  <211[HRI10> <211H]21-1>

<210[H200> <210H]211> <210[H210>-E'  <210[H]21-1>

<21-1[H200 > <21-1H]211 > <21-1[H]210> <21-1[H21-1>-F'

(200|H'|210) = (210|H'|200)

= f R,1(r). Y2 (8, @).eErCos8. Ry, (7). YL (8, ¢).r%Sin0drdodep

‘fl , 3L 770, | Coso. eErCosd. — —%(1 r)—% 1 g adrded
= m aoe 4 0oSU.eLkruos .\/an Zaoe . 41_[.7" Inodr @

1 - T 2
r
e oyt (1— )erC ZGSmGdOJ do
\/ 47'[\/_ an’ ao 2a,
0
1 1 Ef - 4(1 )d (G058
=——.—.eE. | e %or - r.{— 2T
167 at o 3 °

[00 2r 0 r ]

T e ea |
=12ag.eE.|fe oy dr—2 O{T Zh) 5.[7” __dr}|
[0 . 0 . J
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Xt
1 (o,
= 12a4.eE.[ j~e Qor*dr
0 0
1 31
12q3¢E- 7311
-1
::8a4.eE.U]
(]
. L]
_ [ 4 o o0 3e_a_o |
:8a3eE|r 5 lo 4[7‘ 1dr|
S
0
-1 - T
= St eE [4ao]f {e %o r3}dr
0 0
r . r
-1 5 “a, ,e 9o
:8a3 eE.[4a,]|r _i|0—3fr _idr
a, 0 a,
0
8_ 3aof e aor
0
[ ]
T . T
8a4 [4a,]. [3a,]|T 1 1o Zqu__lLdrl
e ]
0

= 8‘:4 .eE. [4a,]. [3a,]. [2a,] fm {e_“L"-’”} ar
(] 0
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HE
_r o _T
_1 e QAo o e QAo
= [8a3 .eE. [4610]. [3610]. [ ZaO] TI |O - J jdr
a’O 0 aO
0
-1 r -r
= gaa-¢F- [4a,1.[3,]. 120, . [a,] J {e ao}dr
0
_r
_1 e QAo o
= 8ai’ eE.[4a,].[3a,].[2a,]. [a,]- {j lo
aO
- 1 1
= oz E- [4a,]. [3a,]. [20,]. [a,). [ ] {e—w - ;}
- 5
= Baf;'eE' [24a;]
= —3eEaqa,
Where remaining all the integrals are zero due to orthogonality condition.
j i Prrme T2Sin0drd0de = Sy 81 S
Therefore determinant becomes
-E’ 0 -3eEa, O
0 -E' 0 0
=0
-3eEa, O -E’ 0
0 0 0 -E’
Upon the expansion we have
E' = -3eEa,,0,0,+3eEaqa, (3.26)
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pratl]

E 2(0)—+—3 eEao
ESY

E;

Figure 3.1: Energy splitting for n=2

We may notice here degeneracy has partially lifted with the perturbation used we are left with
two degenerate states. The amount of energy splitting has linear dependence on the external

electric field.

Thus for n = 2 the values of energy of new levels can be written as

-13.6 (3.27)
E;1 = ST 3eEa,
B —13.6 (3.28)
22 - 22
B —13.6 (3.29)
23 - 22
—13.6 (3.30)

Ep = —5—+ 3eka,

The wave functions corresponding to these Eigen values are

! 3.31
¥, >;= ﬁqzoo > + (210 >) (3.31)
1
¥, >,= ﬁ( 1211 >) (3.32)
1
|¥, >3= ﬁ( 21 —1>) (3.33)
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(3.34)

1
¥, >,=—(]200 > — |210 >
|¥2 >4 ﬁ(l | )

We may write perturbed Hamiltonian in matrix form as

0 0 1 0

0 0 0 0
H, = -3eEa,

1 0 0 0

Here we can see that degeneracy has partially lifted, however the states [211>, |21-1> are still
degenerate. Spin orbit interactions or other corrections might be invoked to remove degeneracy

completely.

3.3.2 Quadratic Stark Effect

For H-atom in ground state, no permanent electric dipole moment exists, so there are only
quadratic dependence of energy on external applied electric field which is known as quadratic
Stark effect. We see that the ground state of H-atom which is non-degenerate state, no splitting

observed after the application of field because for n =1, we have | =0, m = 0.
Also first order non-degenerate perturbation theory says

E' = eE(100|2|100)

= eEf |¥100(F)|? rCosOdr3
= 0, being an odd integral.

So there is no linear Stark effect for ground state, in such state we observe quadratic Stark effect

which is described by second-order non-degenerate perturbation theory.
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£ = o2p2 Z |(nlm|2]100)|? (3.35)
- 0) _ (0
nlm+=100 ElOO_Enlm
wheren=2,3,4 ...
Now

- Z \(nlm|2|100)[2

nlm=100

- 2 (nlm]2]100)|2

nlm

=< 100|2{Z|nlm><nlm|}i|100 >

nim
= (100]22|100)

= (100|r%Cos2%6|100)

= J R1o(DYL(8,9).72C0528. R1o(r) YL (8, ¢).72Sin6drd0d ¢

= f |R10(r)|2.72C0s20.|YL (6, ¢)|?.r2Sin6drd0d¢
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_2r 00
a
4 4 € O|°°—4 3
3 2 10
3a, 4 _
a, 0

I
4 | ,e @
= 3,2 [2a0]|r3 ) o 3[ r?

_2r o  _2r
_ 4 [Za ] [Ea ] rze %) |oo 5 . Ao
3a,3" %27 210 2
Qo 0 a,

S —

2
[ 2r
4 3 | e G
=Ko3[2a0] [Zao] [ ao] |T_ 7 10
[ a
0
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Nt
_2r
4 ap) e %o
= 3%3 [zao] [2 ao]-[ao] [7]{ 1 0
aO
4 3a,°
" 3a,3" 4
= a02
Now forn=2
0 0 (0) (0)
E100_Enlm < E100_E200
As
@ - ¢ 1
noo 87 €, a,n?
In atomic units
2
0) —e“ 1 1
E o = — wh k = =1
no0 " 2a, n? where 41 €,
Therefore
2 2
FO_po _ "¢ ¢
100~ £200 2a, 8a,
B —3e?
~ 8a,
Hence
2
] a‘O
E' = e%E? 3.2
8a,
8 3.36
E'= a3k’ (3.36)
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which is the formula to calculate the Stark splitting. It is clear from above relation that E' has
square dependence on strength of the applied electric field that’s why this named as quadratic

stark effect.

3.4 AC Stark Effect

Previously we have seen that when an atom is placed in uniform electric field its energy level
splits by a significant amount. Now we calculate the shift in energy levels due to time varying
electric field. If incident electric field is of angular frequency w the corresponding change in

energy levels is known as AC Stark effect
Consider the external electric field is along Z axis i.e.
E(t) = £(t)2
We also suppose
€(t) = EpCos(wt)

where €, is the amplitude of the electric field. So we may write the interaction Hamiltonian

H' (t) as

H' (t) = —€,D;Cos(wt) (3.37)
In the presence of time varying electric field, Y (x, t) satisfies the time-dependent Schrodinger
Equation
oY (x,t 3.38
ih—lp( ) = (H, + H)Y(x,t) (3.38)
0x
Lets expand Y (x, t) in energy eigenstates in the form of
YO = ) Gy (x)e Et/n (3:39)
K

Suppose we switch on electric field at t = 0. Before this let atom is in state a = y/ M;. The

initial condition is
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Now we write the amplitude Ca(t) as

Ca(®) = |Ca(t)|e_in(t)
Where 7 is real phase and n(0) = 0.

(3.41)

The probability of finding atom in k-state at any time “t” is |C,(t)|? which is very small for k #

a unless the resonance occurs at w = |wg,| but here we only study the case for which w #

|wkal, so that |C,(t)] « 1 for k # a and C,(t) = 1. To understand the significance of phase (t)

, we note that the term for which k = a in the expansion

iEqt o o
Co(OYg(x)e” h = |Ca(t)|¢a(x)e—z/hfo{Ea+AEa<t )}dt

With
AE, = h1j(t)

Differentiating Equation (3.16)

d . ,
C,(t) = - |Ca(t)|e—m(t) _ iﬁ(t)Ca(t)e_l"(t)
Putting this value in above Schrodinger Equation, we get
. —1i ' '
GO = Tz H'p (£) Ci (t) e okt
k

These set of coupled Equations can be solved to second order perturbation H' (t) to get

t £
Ca(®) =1+ (ih)~2 Z] H'ak(t')eiw“kt'dt'f H'ka(t")eiwakt”dtn
k+a 0 0
Now
. ot o
Ca(t) = (ih)_z Z el®Wakt f H'ak(t')elwkat dt'
k*a 0

where H';,(t) = 0
We note that the unperturbed amplitude C 50) = 1, Therefore
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oot
Ca(®) = in(8) (3:47)
Comparing Equation (3.42) and (3.47)
AE, = —ihC,(t)
t
AE, = (ih)™?! Z H' g (t) e‘i“’akff e~lwakt' [, (tdt'
k+a 0
We are interested in the quantity AE,(t), which is the mean value of AE,(t), i.e.
— 1 1
o, = -5 (e, @) |- |
— ka T @ wka -—w
LA IR st
k*a
“ES i, B
k*a
— 1 3.48
AE, = —EEZ(t)a(y]Mj w) (3.48)
Where a(y’ M;, w) is dynamic polarizability given by
Iy ~ {Eyy — By} (v M|, |ymy)|° (3.49)
a(y/Mj,w) =2 2 _ 12,2
Eyp—Ey)* — 1w
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Chapter 4

Discrete States of Nucleus

As we see in Atomic Physics when we add one electron in an atom whose valance shell is
complete, new shell starts. When one shell closes we see the energy gap there. The ionization
energy is very high for closed shell as compared to the incomplete shell. Similar things happen in
nucleus, here exist certain Magic Numbers that give unique properties to the nucleus. We have

following evidences that confirms the existence of shells in nucleus.

e The nuclei having any of the magic number will be extra stable.
e The neutron, proton separation energy for these nuclei is very high for such nuclei.
e The nuclear radius decreases at these numbers.

e Neutron absorption decreases at magic numbers as shown in figure.

These experiments show that the shells exist at magic numbers 2, 8, 20, 28, 50, 82, 126...
beyond this we do not have stable nuclei. We search out what is the reason behind that provide
extra stability to these nuclei. Different attempts are taken to explain these magic numbers
theoretically by solving Schrodinger Equation assuming different nuclear potentials. Some of

them are described as follows:

4.1 Shell Model for Simple Harmonic Oscillator Potential

From Schrdodinger Equation

_ 52
{—hvz + V(r)}lp =EY @1
2m

Where VZin Spherical Coordinates is
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i
V= ii(rz i) N ;i(smg i) Lt (42)
r2or\' 0dr/ 1r2?Sinf a6 00/  r2Sin?%6 d¢?
Also
L= {Sm@ 669 (Sm@ %) * ﬁaa_;} *
Therefore
10 ] 1/ I? 4.4
=t o) () 9
Hence
—h%?(1 0 d 1 I?
2m { 29r (r Or) _r_zﬁ} * V(r)l v=EY
Now Let

ql(r' e; (\0) = Rnl (r) Ylm(e: (P) (45)
Schrédinger Equation (4.1) becomes
2m

—-h?(10 (,0\ 1I? m m
— r_ZE(T §>_r_2ﬁ + V()| Ry (MY™(6,9) = ERpy(1)Y™(6, @)

(10,0 e . . m
S (725 ROV = RO+ VRN = ERu (Y0, 0)

—n2( 19,0 1 A2+ 1) " B "
SV = 12RO | = 5 ROW 4+ VIROY" (6, 9) = EROY,

Dividing by Y/ (6, @) both sides

2mr2 or

—hZ 9 hzl
- ( - ()) (: )R()+V(r)R(r)—ER(F)
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(4.6)

2mr2 or 2mr

—-h% 9 , 0 h?
———|r ER(r) + { SU(L+1) + V(r)} R(r) = ER(r)

F) o
Now to find the value of r? P R(r) let’s make a substitution.

RG) _@ 4.7)

0 d u(r) u(r) 10u
RO =g ——=—+75

. ZER()_ u(r) 10u
rar = rz rar

9]
=—u(r) + S
or

2 2O (12

or or or ar

i JR d d*u
I
ar

or dr dar? +_( )

s a ( ,0R(M))  d*u (4.8)
arl” “or |~ a2

Put this value in Eq.(4.6) we have

—H2 2 2
h < d u>+{2h 2z(z+1)+1/(r)}R(r)=ER(1‘)
mr

r
2mr2\ dr?

—h?%d?u
2mr dr?

+{ n l(l+1)+V()} () @
2m r

_hz dzu hz
om dr? {Zmrz [+ + V(r)}u(r) = Eu(r)
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v
—R2d?u K2 (4.9)
C—— + Y-~ I+ Dulr) +V(r)ulr) = Eu(r)
For harmonic oscillator we take
1 1
V(r) = =kr? = —mw?r? (4.10)
2 2
Therefore
—R2d?u K2 1 4.11)
- 2..2 _
pY—— + T I+ Dulr) + 5 M”r u(r) = Eu(r)
Now Put
§ . (4.12)
xX=— or r=xa where a= |—
a mw
1 1 mw (4.13)
> — = = —
r?2  x%2a? hx2
L2 22 o (4.14)
mw
d*u  d*u _d2u<1>_<1>d2u_mwd2u (4.15)
7 are d(x2a?)  dx2\a?) \a2/dx? h dx?
Using (4.13),(4.14),(4.15) in Eq.(4.11) We have
—h?>mwd?u(x) k2 mo 1 hx?
——1(+1 —mw? — =E
o h da2 + S T2 I+ Dulx) + me mwu(x) u(x)
(—hw) d?u N I(l+Du hw 2 (hw) 5
—_— _ = u
A Y R
Or
d*u I(l+Du —Eu (4.16)
dx2 xz2 Y YT The
2
Put
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Nt
£ =€ (4.17)
hw/2
du I(l+Du
dx? - X2 —X“u=—€u
du_ i+ Du 4.18
dxz_(xz) —x2u+€eu=0 (4.18)
We try a solution
u(x) = xltig-ax’® (4.19)
i 4.20
4 d—xlzl = xl+3(4a2)e—ax2 + xl+1{(_2a)(21 + 3)}e—txx2 n xl_ll(l + 1)e—ax2 ( )

. d’u .
Usingu(x), —z inEq. (4.18)

l(l + 1) xl+1e—ax2

xP3(4a?)e~ " 4 x{(=2a) (21 + 3)}e ¥ 4+ xIL (1 + e ¥ — p

— x2xltle=a" e xltlg—ax® =
[x*3(4a? — 1) +x*1{(=22) (21 + )+ U+ 1) — (L + 1)He ** =0
As e~ %0

x*3(4a? — D+x* Y (-2a)(2L + 3)+€} =0 4.21)

Comparing powers of “x” on both sides. We have

1 422
4a*-1)=0 =a=5 (4.22)

(—2a)(2L + 3)+€= 0
—2(1/2)(2L + 3)+€=0

—(21+3)+€e=0
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€E=21+3
Or
£ =20+3
hw/2
20+ 3
E=——ho;l=0123.. (4.23)

Harmonic Oscillator

Potential
@\
7
4s, 3d, 2g, 1i 2+10+18+26
' (l"\.
v S
3p, 2f, 1h 6+14+22
=
f om )
by
, \79)
3s, 3d, 1g 2+10+18

b
{(s0)

&

2p, 1f 6+14
? {0
¢
2s, 1d 2+10
f /;\
| ./
1p " 6
o
. \Z/
1s 2

Figure 4.1: Nuclear energy levels for harmonic oscillator potential

So simple harmonic oscillator potential was not our good assumption as it fails to explain the

magic numbers except first three. Let’s try with Infinite Square well potential.
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4.2 Shell Model for Infinite Square Well Potential

We assume that if we pick up one neutron/proton from nucleus, it experiences square well

potential created by the rest of nucleons. This potential is described as
V=0 for r<r,
V=0 for r>r,

This is central potential because it does not depend upon 6, . Now again from Schrodinger

Equation in the form of

—h%(1 0 0 112 4.24
[ﬂ{r—za—r(rza—r) Tzﬁ}* ¥ =Ev o
u(r) (4.25)

lx”(‘r', 0, (P) = T Ylm(e' (P)

For r < r,we have

—-h?d?u  (R21(1+1) (4.26)
2m dr? { 2mr? }u(r) = Fu)
Solution of the above equation is Bessel function
u = yj,(kr) 4.27)
Where
| o E (4.28)
]l(kro)zo;kz hz

Here m is the mass of neutron/proton
forl=0 s—state n=1,273..
forl=1 p-—state n=1273..

forl=2 d—state n=1,273..
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Infinite Squarc
Well Potcential

18
%ag =~ 30
{ -
s/,
Sp 6
1i 26
2f 14
o)
\ ‘f‘/
= 2
i 22
24 10
} (o)
L
1z 18
6
2p S
| o Yetis?,
1f 14
2s = o
14 10
1} N
T,
] S
1 6
P =7
1s y — 2

Figure 4.2: Nuclear energy levels for Infinite Square well potential

We are making a mistake, we are trying to explain magic numbers with infinite potentials which
are both unrealistic as we see neutron/proton separation energies are finite also nuclear potential
is not like sharp edges as we have taken in infinite square well potential that’s why both

potentials could not explain the magic numbers completely.

4.3 Shell Model for Woods-Saxon Potential

We make an attempt with this nuclear potential which is more realistic as compared to the
infinite square well potential and harmonic oscillator potential because this is finite potential

having round edges. Mathematically it can be expressed as
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V= —Vo (4.29)
T 14 e@R/a

where V, = 50MeV, a = .42fm ,R = RyA'/3

This potential was also tried to explain the magic numbers but all in vain. Again Scientists

brought the idea of spin-orbit coupling from atomic physics to explain magic numbers

theoretically.
j=T+3 (4.30)
J2=12+5S2+2L.§
Or
LS =——F——
2
Taking average
(L-S)="——"—
£ L=0,]=0+-=>
If L#0,/=L+=,0—-
2 2
-> - 1
For]=L+E
N (]Z—LZ—SZ)
LS)=———7—
(L.5) 2

(1+3) (143 n2 =10+ DR =G+ DA?

2
h? 3 3
—__)j2 —__J2_]__
= z{l +2l+4 <=1 4}
S o IR? 4.32
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-> — 1
For J=L—-=
2
L= _-"°>7
2
1 1 1.1
(1+3) (1=3) =10+ DR? =2 G + DA?
_ 2 2 22
2
h? 1 3
=—{12———12—1——}
2 4 4
L. —R? (4.33)
(L.S)=—(1+1}
2
... Rh?
Sphttmg? {21 + 1}
. 14 nze)- - {126}
- — =3p /2 2 iz
_ PUm=1)— — — == 2 — _ 3pas2 a (110]
N=5_~- —-—205/2 6 [106]
fQ=3)m = = T = 20772 s [100]
RN == “1h9r2 10 92)
= h(I—S)H——q\‘
s Chez 12 1s21- - {82}
(D) e e e == - 3s 172 2 (701
” - [68]
N=4".—-— d(lem 2) = = = —= = —————gggﬁ : (64)
~. .= 1g7/2 s (58)
| P PRI
TS —1g9or2 10 so)— — {50}
’,-—~2p 172 2 [40]
N=3__- PU= L= — — 77  —-1f5/2 6 (38)
~ _ -~ — 2p3ar 4 132]
T e— =3 - — <
S~ —1f772 s zs)— - {28}
— 1432 4 1zo0)— — {20}
N2 - SUm0) — — — — —~T— — 28 122 2 [16]
o= Adm2)— — — « = — — — 1d5/2 6 [14)
N =1 = -1p 122 2 81 - - {8}
- Plleml) = = = o Z e — — p /2 a 6]
N=0O__ s(UQ=0) — — — — — — — — 1s 172 2 21 — — {2}
::3’.‘.’;.‘,,. 1= N, N-2, Spin—orbit No. of nucleons in Magic
shell coupling (Ls) shell total number
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Chapter 5

Nuclear Stark Effect

In the previous chapter we have learnt in detail that nucleus also possesses the definite energy
level being a bound state. We want to study the changes in these energy levels as it is subjected
to a laser. As the wavelength of laser is not comparable to the size of the nucleus, therefore it is
not possible for us to probe the nucleus with the help of modern laser facilities. But we can
interact with the nucleus indirectly that if we shine laser upon a Hydroden-like system, due to the
oscillation of the electron in laser field nucleus experiences periodic electric field due to its

oscillation. We will study how this field changes the energy levels of the nucleus.

As we have established the formulism for AC Stark effect in chapter 3 at atomic level.

AE, = —%?(t)a(y’Mj, w) -1

AT — (Eyy = Ey ) (M Doy my) [
__—52(t) z &,y —E, ) — hPa?

82(1:)2{ V/ w}| y'J'M;|D, |yiM;)|” (5.2)
v y]) — h2w?
Where a(y/M;, w) is dynamic polarizability given by
? (5.3)
M:(D,|y]M;
a(y/Mj, w) = 22{ W}| v'J'M;|D|v) M)
v y]) — h2w?
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XS

5.1 Electric field experienced by nucleus under the action of laser beam

The electric field of laser can be supposed in the form in the dipole approximation

E(t) = €, e it (5.4)
Equation of motion of electron in the presence of electric field is

mo- = —e€(t)

mavoe_i‘”t = —ef(t)

mv(—iw) = —e&(t)

eE(t
vt w) = im(a))
d x B e€(t)
E T imo
4 o€ = 0}
dt imw
eE(t
x (o) = Lm(w)
« (t,0) = e€(t) (5.5)

This is the oscillating amplitude of electron. It can also be written as [13]

e&,Sinwt (5.6)
“bw) =T —w?)

where w is the frequency of laser and w, is the frequency of oscillating electron.

In laser field, the force between electron and proton can be written as the function of “t” and

"w"where wis the frequency of laser.

40| Page



Nuclear Stark Effect

The field experienced by nucleus is

ke (5.7)
) W
When electron at maximum distance from nucleus
ke (5.8)
o) = G
When electron at minimum distance from nucleus
_ ke (5.9
Eb0) = O P
where 7,is Bohr radius.
The average field is
€, +€
Ew(t,w) = ! 2
2
1 ke ke (5.10)
at0) = 2l o e o

This is average electric field experienced by nucleus due to the electron oscillation under the

action of laser beam. Put this value in Eq(5.2)

AE, = —

{—1[ ke + ke ]}ZZ{EV']' ~ Eyl}l(V']'Mj|D2|Y]Mj)|2
2 {r,—o (t, w)}?  {r,+o (t, w)}? £ (B, — E,))? — h2w?

oy ke ke 7N By — Bl M0,y
Aa="7 [{ro—OC GO ' ot w)}z] ; (Eyy = Eyp)? — Mw?

e€(t)
m(wi-w?)

Using « (t,w) =

2
[ —| ' LAl 2
Ao L ke N ke S (Byy = By} (') M| D |y M;)|
¢ 4 _egySinwt z + eEpSinwt z T (Ey'J' - Ey])z — h2w?
To m(w3-w?) To m(w3-w?) Y
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Dt
Now the expectation value of electric dipole moment of H-atom is
{v')'M;| D, yIM;) = er,
Therefore
2
_ 1[ ke ke ] E,  —E, }(er,)?
AEaz__| 2 T 2| By wz} 02 2
4 _ egySinwt n e€,Sinwt 0 (Ey']' - y]) — h*w
l % m(wi-w?) " m(wi-w?) J 4
In atomic units
k=m=h=e=1=1
2 '
- 1 1 1 E, —E
AEaz—Z[ =+ . v (5.11)
_ EpSinwt €oSinwt - (E .. — E — w2
(-t o+t | 77 v =)

5.2 Restrictions on laser parameters

We can vary the laser parameters €, and w such that oscillating electron neither collide with the
nucleus nor ionize. Necessary condition to avoid electron-nucleus collision is x< 7,where 7,the
Bohr radius and« is the amplitude of oscillation of the electron. So we can adjust €, and w such

that oscillating amplitude do not exceed the Bohr radius that is

x< 7
Or
EoSinwt 1 (5.12)
(w5 — w?)

The ionization energy of H-atom is 0.499a.u. So we bound our self to take w less than 0.499a.u.

to prevent system to ionize that is

w < 0.499a.u (5.13)

The system will not be ionized.
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There is another important thing to keep in mind that our dealing is purely non-relativistic, so if

the relativistic factor

[

_ (5.14)
"~ 137

<1

q

We may ignore all relativistic effects in the motion of electron.
Now let’s see the Stark splitting for two nuclear states of H-atom[14]
E,; —E,; = 800keV

_ 800x10°
=~ 27214 &

E,p—Ey =294 10%.u (5.15)
Eq.(5.11) reduces to

I I
1 1 .\ 1 |{ 2.94 % 10* }

A, = —=
* 4’[ 1— EpSinwt 2 1+ EpSinwt ZJ (2-94x104)2 — w?
(w3-w?) (w3-w?)

(5.15)

5.3 Discussion on results

Graph 5.1 shows the variation of Stark shift when we change the frequency of incident laser
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Stark shift as a function of frequency
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Figure 5.1: Variation of stark shift with frequency

It 1s clear from the graph that Stark shift increases as we increase laser frequency because when
we increase frequency, the number of interactions per second of electron with nucleus increases
hence the electric field per second experienced by the nucleus increases due to which shift in the
energy levels in H-atom nucleus increases. In other words we can say that electron remains in
contact with the nucleus for greater time therefore there is increase in Stark shift at higher

frequency.

When we fix the frequency and vary the strength of electric field of external laser, electron will
come more close to the nucleus and it experiences greater magnitude of electric field hence Stark

shift again increases as shown in the figure 5.2
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Stark shift as a function of electric field strength
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Figure 5.2: Variation of stark shift with electric field strength

If we keep frequency and field strength of the laser unchanged and vary the laser time, figure 5.3
shows that Stark shift is oscillating about a fixed value as we change laser time from 1fs to 5fs.
By changing of laser time we mean that we have not changed the laser but we have increased the

number of active cycles of the laserand rest of the cycles are inactive or silent.
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Figure 5.3: Variation of stark shift with time

The relation E(t) = E,Sinwt shows that with the increase of time, the electric field E(t) will

oscillate hence there are sinusoidal oscillations of Stark shift in this case.
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