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Abstract

Projective measurement is a popular method of initial state preparation, which always prepares a pure
state. However, in various physical situations of interest, this selective measurement becomes
unrealistic. In this paper, we investigate the role of pulsed measurement (a unitary operation) on the
estimation of system-environment parameters and compare the estimation results obtained via
projective measurement with the results obtained via unitary operation. We argue that in typical
situations, parameters can be estimated with higher accuracy if the initial state is prepared with the
unitary operator (a pulse). We consider the spin-spin model in which a central two-level system
(probe) interacts with a collection of two-level systems (bath). The probe interacts with the bath and
attains thermal equilibrium. Then, via unitary operation, the initial state is prepared which evolves
unitarily. The properties of the bath are imprinted on the reduced dynamics. Due to the initial probe-
bath correlations present in the thermal equilibrium state, an additional factor arises in the dynamics,
which has an important role in the parameter estimation. In this paper, we study the estimation of
bath temperature and probe-bath coupling strength which is quantified by the quantum Fisher
information. Our results are promising as one can improve the precision of the estimates by orders of
magnitude (especially in the coupling strength case) via unitary operation and by incorporating the
effect of initial correlations.

1. Introduction

Open quantum systems have attracted enormous attention because of their basic role in quantum technologies
[1]. Since every quantum system interacts with its environment, leading to decoherence [2, 3]. The study of
decoherence enables us to understand how we can harness quantum properties in the development and
advancement of modern technologies [4]. One of the important quantum features is to sense information that is
not possible with classical physics, known as quantum sensing [5]. The key idea behind this is to utilize a
quantum probe (a small controllable quantum system) undergoing decoherence [6]. The use of probes allows us
to extract some sensitive information about the environment. There are various theoretical tools available, one
of which is to derive analytically the expression for quantum Fisher information (QFI) [7]. This approach not
only involves the measurement outcome but also quantifies the precision associated with it [8]. By incorporating
the effect of initial correlation (present in the thermal equilibrium state), this precision can be enhanced by an
order of magnitude [9]. Since the method of initial state preparation also influences the reduced dynamics, it is
interesting to explore the impact of state preparation on the precision of estimates. By using the spin-spin model,
we aim to investigate how this affects the quantum Fisher information, and hence the estimation, if the initial
state is prepared via unitary operation rather than conventional projective measurement. Additionally, we
incorporate the effect of initial correlations to gain further insights.

To learn about the bath parameters such as the probe-bath coupling strength and bath temperature, we first
allow our quantum probe to interact with its bath until they both attain an equilibrium state [10]. In due course,
asuitable measurement is performed to prepare the probe in the desired initial state. The total probe-bath state
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evolves under the action of the total unitary operator. Studying the global probe-bath dynamics is quite
challenging due to the large number of degrees of freedom of the bath. One possible way is to use pure dephasing
models [11]. However, the drawback is that these models do not tell us anything about the energy exchange
between the probe and the bath. Beyond the pure-dephasing, another choice is to use exactly solvable models
such as the spin-spin model that considers z — zinteraction only [12]. In this paper too, we restrict ourselves to

z — zinteraction only because other types of system-bath interactions forbid us to solve the model analytically.
Once the dynamics are known, a measurement performed on the probe allows us to infer bath properties such as
temperature and coupling strength. A convenient parameter estimation approach is to determine quantum
Fisher information, which gives ultimate precision in our measurements [13]. According to the quantum
Cramér-Rao bound, the variance in any unbiased parameter x is bounded by the reciprocal of the Fisher
information [14]. Therefore, to maximize the precision in any estimator x, one has to maximize Fisher
information over the interaction time.

To date, many attempts have been made to estimate parameters through quantum estimation theory. It is
usual practice to consider the system and environment in a product state at f = 0. Recent work, such as in
[15, 16], shows that the Markovian environment remains in thermal equilibrium and information about the
bath is inferred through the quantum correlations established after state preparation. Within the harmonic
oscillator bath, the single-qubit quantum probe has been utilized to estimate the cutoff frequency of bath
oscillators [17, 18]. Squeezed probes have been subjected to investigation to improve the joint estimation of the
nonlinear coupling and of the order of nonlinearity [19]. On the other hand, using quantum resources, the
sensitivity of phase estimation has been enhanced [20]. However, these approaches disregard the quantum
correlations that existed before the state preparation. Therefore, these findings are questionable, particularly
when probe-bath coupling is strong. The initial probe-bath correlations present at thermal equilibrium have
been extensively studied [12, 21-24]. More recently, the impact of these correlations in the parameter estimation
via the Fisher information approach has also been studied [25-27]. Taking the basic seed of this idea, we extend it
to explore the effect of initial correlations in a spin environment and the effect of state preparation. As the state
preparation process also influences the system dynamics, thus we aim to investigate the impact of the state
preparation on the parameter estimation. The state preparation method used in this paper also incorporates the
evolution of the z component of the Bloch vector (1,), whereas in the case of projective measurement, 1, = 0 in
the initial state and hence in the ensuing dynamics. This non-zero contribution of zcomponent of the Bloch
vector affects the evolution and hence the parameter estimation in return. Having a probe-bath thermal
equilibrium state at hand, we start our analysis by preparing the probe's initial state via a unitary operation (a
pulse). Then we work out the reduced dynamics of our probe. This would be essentiallya 2 x 2 matrix which
encapsulates the effect of unitary operation made to prepare the initial state, decoherence, and the initial
correlations. In order to derive the expression for quantum Fisher information, we diagonalize this matrix and
obtain eigenvalues and eigenvectors. The obtained Fisher information will be a function of the probe-bath
interaction time and the estimator (temperature and coupling strength here). Then our goal is to optimize it over
the interaction time such that QFI is maximised. It is ideal to obtain explicit expression of QFI for estimating
temperature Tand coupling g to get intuitive understanding of results. However due to the complexity of
analytical expressions of associated partial derivatives, we calculate them numerically. Using the expression of
QFI, we quantitatively show that initial correlations and state preparation can be manipulated to improve the
accuracy of our measurements.

This paper is organized as follows: In section 2, we model our quantum probe and bath with a paradigmatic
spin-spin model and determine the eigenstates. Then, in section 3, we present the scheme of state preparations
and the ensuing dynamics both with and without initial correlations. In section 4, we derive analytically an
expression for quantum Fisher information and use it to estimate temperature (in 4.2) and probe-bath coupling
strength (in 4.3). Finally, we summarize our results in the section 5.

2. Spin-spin model

We consider a single spin-half quantum system (probe) interacting with a group of spin-half quantum systems
(bath). The total Hamiltonian can be written as

g — JHso+ Hp+ Hsp £<0, )

“ " | Hs+ Hg + Hsp  t>0,

where Hg is the system Hamiltonian before the system state preparation, with the parameters in Hgy chosen to
aid the state preparation process. Hg is the bath Hamiltonian alone, and Hgp is the system-bath interaction
Hamiltonian. At t =0, we prepare the initial state of our probe, and the system Hamiltonian becomes Hy
corresponding to its coherent evolution. Note that Hyy is similar to Hgin the sense that both operators live in the
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same Hilbert space, but they may have different parameters. Within the spin-spin model, for N spin-half systems
in the bath, we have (with = 1)

€ A € A
HSO = ?()Uz + 703(; HS = EUZ + 7030 (261)
N (o o
Hp = Z(?’U(ZI) + Xia(z’)a(2’+l)), (2b)
i=1
1 N G
HSB = EO'Z X gz O'(Zl). (ZC)

i=1

Here 0, are the Pauli spin operators, £, and £ denote the energy-level spacing of the central spin system
before and after the state preparation respectively, A is the tunneling amplitude, and w; denotes the energy level
spacing for the i spin in the bath. Bath spins interacts with each other via SN x;0P0U D, where ; denotes
the inter-spins interaction strength. Our probe interacts with the bath through interaction Hamiltonian Hgp,
with g as the probe-bath coupling strength. Note that our system Hamiltonian Hg does not commute with the
total Hamiltonian, meaning that the system energy is not conserved. Our primary goal is to determine the
dynamics of the probe. We express the interaction Hamiltonian into the system and bath operators as
Hsp=S® B, where Sis a system operator and B is a bath operator. The states |n) = |n;) |[1,) |13)...|ny) are the
eigenstates of B, with n;= 0, 1 denoting the spin-up and spin-down states with respect to the z axis, respectively.
We then have a set of eigenvalue equations

N N N
gy 001y = Gin); 3o wiolln) = Quln); 30 x;0V0l V) = auln); 3)
i=1 i=1 i=1
where G, = Zfi (=1)4g, Q, = Zfi (=D"wj,and oy = Zfil X;(—1)"(—1)"+1 are the eigenvalues of their
respective operators. We also assume all environmental spins are coupled to the central spin with equal
strength, g.

3. Initial state preparation and dynamics

Here we show analytical details of the initial state preparation process for both the with and without initial
correlations cases. Then we show the calculations of the unitary operator and the evolution of both forms of
initial states described below.

3.1. Without initial correlations

We first discuss the preparation of the probe's initial state while correlations are ignored. In such a case, the
probe and bath are initially in product state p = pgy ® pg, with pg, = e~/ Zg, and p, = e~/ 7, with the
partition functions Zgy = Trg{e "} and Zz = Tr g{e "}, where 3= 1/ksT. Note that this probe-bath state
is only justified if the probe-bath interaction is weak enough. Under the condition when £y > A, the probe state
can be proven to be approximately ‘down’ along the z-axis. Then, we make a suitable unitary operation to
prepare the initial state. For instance, if the desired probe's state is ‘up’ along the x-axis, then an operator

R = ¢%i%, realized by the application of a suitable control pulse, is implemented to the probe. The pulse duration
is assumed to be sufficiently smaller than the effective Rabi frequency y/eZ + A2. After the pulse operation, we
have

Prot = Pso @ P 4)
with pg, = e~ o /Zsoand Ir-\IJSO = RHsoR". The action of the pulse is represented by the ‘tilde’ overhead the
operators. Note that we can change the probe's parameters as needed after the state preparation. Doing so, the
tunneling term (%ax) contributes significantly. Here, we assume the energy level spacing changes (g — €)

within a very short time. The probe's initial state can obtained by performing a trace over the bath, where the
superscript ‘u’ represents the ‘uncorrelated initial state’ as we are ignoring the probe-bath interaction,

sinh (517,) H’SO}

o

P?o = 7 {HCOSh(ﬂﬂo) -

1
S0

with 7, = (1/2) /e + A2.1tis useful to write this state in terms of components of the Bloch vector
corresponding to this state




I0P Publishing

Phys. Scr. 100 (2025) 025401 AR Mirza and ] Al-Khalili

T’l;’ (0) . €0
ni(0) | = SO 5)
) P \a

In order to make further progress, we need to determine the reduced dynamics, which first necessitate the
calculation of the total time evolution unitary operator. This operator can be written as

o, - . i
U@) =3, U,(t)|n)(n|, where U,(t) = e "2 te "t which only acts on the system's Hilbert space. Here,

H§ = %O’Z + %O’x is the shifted Hamiltonian due to the environmental interaction with the new energy

parameter §, = G,, + €. Now, we can determine the reduced density matrix, p,(t) = Tr g[U (¢) p* tot(0) ut@).
After some algebraic manipulations, we obtain

1( 14 n(t) e—nxne—ﬂn<0)

P == (6)
! 2| e M@ 1 — pl(r)

ny(t)
ny(t)
evolution of the Bloch vector components can be written in general form as n/* (t) = O} (t)n (0) withi=x,y, z,
and the propagators

where ,(t) = arctan [ ], and the decoherence rate T, (t) = —% In{nf)y + {n) (t)}*. Now, the

C Cn€n . VAN
oLm=>" Z" S{A? 4 n’cos@n,n)},  O4 1) =) ZZ”—“ sin2n,t), O4LMH=. % sin (). (7)
n 4 B, n B, n 2 B,
2 . . . .
where ¢, = e (2t 7, = >, cq. For convenience, we work in dimensionless units where every energy

parameter is expressed in terms of . We have also set = kg = 1 throughout.

3.2. With initial correlations

In general, our probe-bath state is a correlated state as the probe has interacted with the bath before. To consider
a correlated initial state, we assume that our probe has interacted with the bath to achieve a thermal equilibrium
state; the Gibbs state py, = e~ pH /Zov since [Hs, Hsg] = 0 and such a state can not be written as a product state.
We apply the same pulse that was used in the previous case to prepare the probe state. As a result, we have the
correlated probe-bath state (the superscript ‘c’ stands for ‘correlated state’)

1 oy oy
c — —B(Hso+Hg+Hsp)
P (0) = e P Tttt o, (®)
tot
where Z,,, = Trg{e ™’ (Hoo+ His+ Ho) } is the total partition function for the combined probe + bath system, and
Hsp = RHgR'. Note that if the probe-bath interaction is sufficiently weak, this state would approximate the
product state given in equation (4). Looking at equation (3), we can write e~%|n) = ¢,|n). Also,
n
o ~ € A
(Hso + Hsp)|n) = (70@ - 7@) |n) = Hgoln),

where Hyg; is a ‘shifted” system Hamiltonian with a new energy parameter € = G, + &o. In this case, the Bloch
vector components are

() ¢, sinh (3 €0
”;(0) = Z Z—no > ©)
1 (0) n tot]g A

where 7y = (1/2)4/(¢5)* + A? under the action of unitary operator. Our probe-bath correlated initial state
evolves and the reduced density matrix is

(10)

1 1+ ni@) e T®e 2O
Zt 2 ’

_ 1 corr T _
pc(t) - T; ]n Cpn Un(t)|1/’><1/)| Un (t)) - e*E(t)ech(t) 1 . n;(t)

n

where Ztot =3, J, "¢, J,°" = 2cosh(0n,), n, = (1/2)1/§i + N, Q.0 = arctan[ ’[52

decoherencerate [(t) = — % In {ni()}?> + { ny () }2. The evolution of the corresponding Bloch vector

], and the

n

components can be expressed in general form as n{ (t) = 05,.(t)n (0) with i =x, y, z. The propagators O, (¢)
are given as

;er " . ;Orr 'len . . ]yforrcn ’1A .
OL.(t) = Z ]—CZ{AZ + 77'21 cos(2n, )} O, (1) = Z ]Z—C sin(2n,t);  OL(t) = Z 752 sin? (17,,1).

n tot 71, n tot 7], . 2Z (UM
(1)
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If we compare these propagators with those given in (7), we see that 1/Z5 — J;°' / Z tot, which essentially
captures the effect of initial correlations.

4. Parameter estimation

The quantum Fisher information is related to the Cramer—Rao bound; the larger the QFI, the greater the
precision in our estimate. In this section, we first derive the formula for quantum Fisher information for our
probe. We then present estimation results in the subsequent sections.

4.1. Quantum fisher information
To quantify the precision with which a general environment parameter x (in our case this is temperature, T, or
the coupling strength, g) can be estimated, we use quantum Fisher information, which is defined by [17]

2 ! _ 2
F(X) _ Z (P n)z + ZZ (pn pm) <Vm|‘V/n>2) (12)

n=1 n n=m Pn m

where p,,, , and v,, ,, being eigenvalues and eigenvectors of any density matrix, respectively. The prime
superscript denotes the derivative with-respect-to the estimator x. Thus, the first task is to diagonalize matrices
in equations (6) and (10). The eigenvalues of equation (10) are p; (t) = %[1 + M), ps (1) = %[1 — N.(1)

with N.(t) = \/{n;(t)}z + {n}f(t)}2 + {nf(t)}*. And the corresponding eigenvectors are

o\ -/V;+nz£ i) -/V;_nzc . o\ -/Vt':_nzc 71’9:-/\/;—"_”;
|V1>_‘}72/\/§ [1): —e TN 1)z lvs) = TN [1): +e T 1T)z»

13)

where | 1), and | | ), are eigenstates of o, with eigenvalues + 1 and — 1, respectively. If we disregard initial
correlations, we obtain a similar set of eigenvalues and eigenvectors, but having superscript ‘w’ with J,°" = 1.
Now we are equipped to write the final expression of quantum Fisher information, taking initial correlations
into account. We have
po Lm0 | )/ + el | 0 (14)
A T o
with . = 1 + (n{)%e". In the chosen model, both diagonal and off-diagonal entries evolve. Therefore, we can
see the Fisher information also depends on the time-dependent factor n;, unlike the pure-dephasing case where
only off-diagonal entries evolve. If we set n = 0, implying f, = 1, we recover the Fisher information given in [8],
which benchmarks our calculations. Ifinitial correlations are discarded, the QFI is
g= We o ml) e | () + T | ) (15)
fue =1, tu et

with f, = 1 + (n})%e?h.

4.2. Estimating environment temperature

Having all these analytics at hand, we can move to the main part of this paper, which relies on the results of
estimation. Recall that our primary goal is to investigate the role of initial correlations and state preparation to
look for maximum Fisher information. Our QFI is a function of time, temperature and probe-bath coupling
strength. To estimate bath temperature with ultimate precision, we need to find the interaction time at which
QFI is maximum. To proceed, we first need to calculate partial derivatives with-respect-to temperature, T, and
use them in equations (14) and (15). The effect of correlations is encapsulated by the factor J,°" appearing in the
propagators, ©%,(¢). Firstly, we consider the probe-bath coupling to be weak, so the effect of correlations is
expected to beless [21, 25, 28], which in turn has a negligible impact on the accuracy.

Figure 1(a) shows the behavior of quantum Fisher information as a function of time at various temperatures.
The solid curves signify QFI taking initial correlations into account, whereas dotted curves discard the effect of
correlations. Peak values represent the optimized QFI, which is in turn the ultimate precision in the temperature
estimation. For simplicity, we first consider non-interacting (x = 0) spins in the bath (with N = 50). We see that
the effect of the initial correlation is almost negligible, as the coupling strength is very small (g=0.01). Next, we
notice that the peak is maximum at lower temperatures, which means the low temperature is favorable for better
estimation. As the temperature is raised, the decoherence process speeds up and the precision drops. We next
compare our results with those results of [27], where the initial state was prepared via the usual projective
measurement. Under the same set of probe-bath parameters as in figure 1(a), we show the behavior of optimized
quantum Fisher information as a function of temperature T, for the case if the initial state is prepared via
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(@) The behavior of QFI as a function of time while estimating (b) The behavior of optimized QFI, that is, . estimating
temperature. Solid curves include the correlations’ effect temperature 7. Solid-red & dotted black curves include the
whereas dotted ones ignore this effect. correlations’ whereas other ones ignore this effect.

Figure 1. The number of environmental spins is N = 50, coupling strength g = 0.01, and inter-spin interaction y = 0. The rest of
probe-bath parametersare w; = 1,6 =4, =2and A=1.
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(a) (Color online) Same as Fig. la except that the interaction (b) (Color online) The role of inter-spin interaction x = 0.1
strength is stronger, that is g = 1. with N = 10. Rest is the same as Fig. 1a

Figure 2. The behaviour of optimized QFI (with and without initial correlations) as a function of temperature for projective
measurement and unitary operation.

—

projective measurement (call it . ,; in black-dashed), versus 7, (in red-solid if the initial state is prepared
via unitary operator) in figure 1(b). We notice that # ;. is slightly higher than .7, if initial correlations are
incorporated. We repeat this for both cases but without initial correlations using equation (15). The same
behavior is seen as solid circles (pulse) and empty circles (projective) overlap with their respective curves of
correlations. The reason for this is that, within a weak coupling regime, the correlation energy is dominated by
the thermal energy 3[27]. However, if coupling strength increased to g = 1, the difference between ;. and

F proj is amplified if we discard initial correlations. As shown in figure 2(a), # pue (solid-circled-red) is greater
than #,,; (black-empty circles) for higher values of the temperature, which is what expected. Note that the
Bloch vector components given in equations (5) and (9) depend explicitly on temperature. As temperature
increases, the orientation of the initial state changes. That is, the x and y components of the Bloch vector decrease
in magnitude and, as a result, the degree of mixedness increases. This improves the precision of temperature
estimation by an order of magnitude. However, if we take the initial correlations into account, . (solid-red)
and #,; (dashed-black) almost overlap as shown in the inset of figure. This is because the thermal energy and
interaction energy are equally dominant and the effect of state preparation almost disappears. As a final
comment, at higher temperatures, pulsed measurement is favorable since it gives the greatest accuracy.

Next, we investigate the impact of inter-spin interaction x = 0.1. With a small number of bath spins, the
decoherence process slows down. As a result, initial correlations and the role of state preparation can be better
realized. Results are shown in figure 2(b) with a smaller bath of N = 10. Figure 2(b) compares the behavior of
F pulse (S0lid-magenta) versus . ,,.; (dashed-black), if correlations are considered. One can clearly see that
pulsed measurement made at t = 0, produces larger QFI than is QFI achievable with projective measurement.
On the other hand, in the uncorrelated cases, no appreciable role of state preparation is seen. In the smaller spin
bath, we expected more Fisher information than in the larger bath. However, we notice that # 1. with N=10
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(c) Coupling strength g = 0.5, and bath temperature 7 = 0.5. (d Sam§ s .Flg' 3 exc'ept that now we have incorporated the
effect of initial correlations.

Figure 3. The behavior of quantum Fisher information with pulsed (red) versus projective measurement (black) while estimating

probe-bath coupling strength. Probe-bath parameters other than in figures 3(a) and 3(c) are the same as in figure 1(a).

in figure 2(b) is less than .7 ;. with N'= 50 (figure 2(a)). This means that inter-spin interactions play a
significantly negative role in precision improvement as %, has been suppressed in figure 2(b). Let us explain
this situation. Three key factors control the orientation of environment spins, which are; energy biases w;, probe-
bath coupling strength g, and the inter-spin interaction x;. Consider, x; > 0, that is, the interaction between
environment spins is anti-ferromagnetic. Now, positive values of gand w; will tend to align the environment
spins (ferromagnetic) while ; > 0 will tend to anti-align them. Thus by choosing the appropriate values of gand
wj, we can minimise the inter-spin interaction. By doing so, we can improve the accuracy. The incorporation of
inter-spin interaction prohibits us from considering the higher number of environment spins as it makes the
numerical solution challenging. Thus, we limit ourselves to considering N = 10 to study the effect of inter-spin
interaction.

4.3. Estimating probe-bath coupling strength
Next, we consider the impact of state preparation on the estimation of coupling strength. Again, we consider
equation (14) and equation (15), but this time we require derivatives with-respect-to coupling strength g.

The results are illustrated in figure 3(a), where we have shown the QFI as a function of interaction time,
keeping temperature and coupling strength fixed at 7= 1 and g= 0.1, respectively. The red-solid curves denotes
QFI,,y1se Whereas the black curves signify QFL,;. At least two comments can be made regarding this result. First,
the quantum Fisher information continues to increase as a function of time, unlike in the case of coupling
strength estimation where we see peaks, as in figure 1(a). The source of this continuous increase is the derivatives
ggI‘, g—gﬂ and ggnz, which oscillate very fast in the long time limit. Therefore, our measurement result becomes
extremely sensitive to the coupling strength g. Consequently, the interaction time is determined by the level of
accuracy needed. The same behaviour has been seen in the [29]. Secondly, if we ignore correlations,

QFIL,1o > QFI, e always. A similar trend is seen if we incorporate the effect of correlations as shown in

figure 3(b). This means that at higher temperatures while estimating the coupling strength, the projective
measurement method is favoured over the pulsed one under consideration. However, the situation changes if we
jump to the low-temperature regime. Figure 3(c) depicts the behaviour of quantum Fisher information as a
function of time at a fixed value of temperature (T'= 0.5) and coupling strength (g =0.5). Here now we see the
mixed behaviour of QFI as one can see QFI,, e > QFI,,;o; at certain times and converse at the rest of times, in
either with (Figure 3(d)) or without (figure 3(c)) correlation case. The objective of our work is once again quite
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clear as one can see that higher accuracy can be obtained if pulsed measurement is performed rather than
projective.

5. Conclusion

Initial correlations and pulsed measurement are the two basic elements in our analysis and decoherence is a
challenge in both cases. We considered a variety of physical situations and investigated how to obtain the best
estimates using a quantum probe. Our study reveals that how we choose to engineer the bath or choose the
temperature is crucial in order to keep the error in our measurement minimal. Results presented in this paper
show that the role of initial state preparation and initial correlations can be very significant, especially in the
strong coupling regime and at low temperatures. This has important implications for quantum sensing since one
can obtain high ultimate precision in the estimates via pulsed measurement and by incorporating the effect of
initial correlations.
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